Abstract. In this survey, we first review some known results on the representation theory of algebras with triangular decomposition, including the classification of the simple modules. We then discuss a recipe to construct Hopf algebras with triangular decomposition. Finally, we extend to these Hopf algebras the main results of [39] regarding projective modules over Drinfeld doubles of bosonizations of Nichols algebras and groups.
Introduction
Over the last years there have been remarkable progress on the problem of classifying finite-dimensional Hopf algebras. New methods to construct families with different properties were introduced and a lot of examples are now at hand. This has motivated an increasing interest in their representation theory. The family of pointed Hopf algebras over abelian groups is deeply related to the universal enveloping of semisimple Lie algebras. It is natural then to draw inspiration from Lie theory to study modules in this context. We would like to generalize, for instance, the following well-known facts in Lie theory: ( * ) The simple U (g)-modules (in a suitable category) are classified by their highest weights. ( * * ) The Weyl character formula for the simple modules. Let us briefly mention some works extending these properties to different families of Hopf algebras. Lusztig [26] has demonstrated that ( * ) and ( * * ) hold for the q-analogs U q (g), for any symmetrizable Kac-Moody algebra g. We can see the q-analogs U q (g) as examples of a more general family of pointed Hopf algebras introduced by Andruskiewitsch-Schneider. In [6] , Andruskiewitsch-Radford-Schneider have extended ( * ) and ( * * ) to this family following the strategy of Lusztig. This family also includes the pointed Hopf algebras previously considered in [36] (associated to Cartan matrices of finite type) and in [10, 11, 32] (multi-parametric version of U q (g)).
The character formula for the q-divided power algebra U q (g) (with q a root of unity of certain order) is a consequence of several results. First, KashiwaraTanisaki proved a character formula for affine Lie algebras at a negative level. Then, Kazhdan-Lusztig (and Lusztig) constructed a functor between suitable categories of modules over the above algebras which translate the character formulas from one setting to the other. Moreover, Andersen-Jantzen-Soergel [1] demonstrated that the character formulas for the small quantum group u q (g) and the restricted enveloping Lie algebra U [p] (g) are the same for large primes (and these are independent of the characteristic). Using these formulas and the Steinberg's tensor product theorem, one can deduce the formulas for U q (g), and for the corresponding semisimple connected and simply connected algebraic group in positive characteristic. The reader can find more details and precise references on the various character formulas in the fascinating survey by Jantzen [20] .
The above Hopf algebras can be constructed via a Drinfeld double procedure, starting from a pointed Hopf algebra over an abelian group. It is natural then to consider other types of Drinfeld doubles. In [21] , Krop-Radford prove that ( * ) holds for the Drinfeld double of a finite-dimensional Hopf algebra H such that its coradical H 0 is a Hopf subalgebra complemented by a nilpotent Hopf ideal. In this setting, the Drinfeld double of H 0 plays the role of the Cartan subalgebra and their simple modules are the corresponding weights (unlike Lie theory, they are not necessarily one-dimensional). Different proofs were given for H being the bosonization of a finite-dimensional Nichols algebra over a finite abelian group by Heckenberger-Yamane [18] and by Pogorelsky and the author [33] for general finite groups. Andruskiewitsch-Angiono [2] recently extended the proof of [33] to bosonizations over any finite-dimensional Hopf algebra. In this great generality, a character formula is not expected and we should restrict ourselves, for instance, to certain families of Nichols algebras. We refer the reader to [3, 13, 22, 33 ] to see how the simple modules look like in some explicit examples.
In this survey, we first review a general framework due to Bellamy-Thiel [9] and Bonnafé-Rouquier [12, §F.2] which ensures that ( * ) holds. Explicitly, this is guaranteed for any graded algebra with triangular decomposition (under some mild extra conditions). Moreover, the simple modules can be obtained as quotients of standard (Verma) modules and, under certain assumptions, this leads to the construction of a highest weight category. We then discuss a recipe to construct Hopf algebras with triangular decomposition. We basically rewrite the Drinfeld double construction in order to obtain directly the triangular decomposition. The small quantum groups and the Drinfeld doubles of bosonizations of Nichols algebras can be obtained via this procedure. Finally, we extend to this wider class of Hopf algebras some results of [39] , regarding projective modules over Drinfeld doubles of bosonizations of finite-dimensional Nichols algebras over groups. These results rely fundamentally on properties of the Nichols algebra.
Roughly speaking, the main idea that we would like to share with the reader is the following: if your favorite Hopf algebra admits a suitable triangular decomposition, then its simple modules are classified by their highest weights and you can construct them as quotients of standard modules. Thus, the major problem to address is to compute the weight decomposition of the simple modules.
The paper is organized as follows. The general framework of algebras with decomposition is summarized in Section 2. We fix the notation and conventions concerning Hopf and Nichols algebras in Section 3. The recipe to construct Hopf algebras with triangular decomposition is explained in Section 4 and the representation theory of them is studied in Section 5.
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A general framework
Throughout this work, k is a field and graded always means Z-graded. Let A be a graded algebra. We denote by A M the category of finite-dimensional left Amodules and by A G the category of graded finite-dimensional left A-modules with morphisms preserving the grading.
We say that a graded algebra A = ⊕ n∈Z A n admits a triangular decomposition if there exist graded subalgebras A − , T and A + such that the multiplication
gives a linear isomorphism and the following properties hold
We denote by Λ a complete set of non-isomorphic finite-dimensional simple T -modules. The elements of Λ are called weights. If λ ∈ Λ is a T -submodule of an A-module N such that (B + ) >0 · λ = 0 (resp. (B − ) <0 · λ = 0), we say that λ is a highest weight (resp. lowest weight) of N. In such a case, λ is a simple B + -submodule (resp. B − -submodule) isomorphic to Inf
If N is also generated by λ, we say that N is a highest weight module (resp. lowest weight module).
The proper standard module associated to λ ∈ Λ is
We denote by L(λ) the head of M(λ). Then k⊗ B + Inf B + T (λ) is a highest weight of M(λ) isomorphic to λ, and so is its image in L(λ). Hence M(λ) and L(λ) are highest weight modules.
2.1. The finite-dimensional case. In this subsection, we assume that A is a finite-dimensional algebra with triangular decomposition as above. Therefore the simple and projective modules over A admit a grading by [15] .
Let P T (λ) be the projective cover of λ ∈ Λ. The standard module associated to λ ∈ Λ is
The proper costandard module ∇(λ) and costandard module ∇(λ) associated to λ are defined in a dual way.
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Theorem 2.1 ( [9, 19] ). Assume that T is split, i.e. End T (λ) = k for all λ ∈ Λ. Then:
(ii) Every simple A-module is isomorphic to L(λ) for a unique λ ∈ Λ.
(iii) The projective cover P(λ) of L(λ) admits a standard filtration for all λ ∈ Λ, i.e. there exists a chain of submodules
i.e. the number of subquotients isomorphic to M(µ) in a standard filtration of P(λ) is equal to the number of composition factors of type L(λ) of ∇(µ).
Moreover, this number is independent of the chosen filtration. Dual properties are also satisfied by (proper) costandard modules and the injective hull of L(λ).
Thus, the category of modules over a finite-dimensional algebra with triangular decomposition has the flavor of a highest weight category [14 We also see in the examples (e.g. [39, §1] ) that the axiom of highest weight categories which fails is the existence of a partial order > in Λ such that: if M(µ) occurs in a standard filtration of P(λ), then µ > λ; and M(λ) occurs precisely once. However, Bellamy-Thiel [9] realized that this trouble can be fixed by using the grading; that is working inside of the category of graded modules.
We denote by
for all n ∈ Z. Shifting commutes with taking projective covers and injective hulls [15] . Also, it is compatible with the (proper) standard modules and the (proper) costandard modules. In particular,
for all λ ∈ Λ and i ∈ Z.
Since T is concentrated in degree 0, the simple objects in T G are parametrized by Λ×Z. The simple object corresponding to (λ, i) is just λ[i], the simple T -module λ concentrated in degree i. We can then define a partial order on Λ × Z by letting λ[i] < µ[j] if and only if i < j. 
the properties (i)-(iv) above hold in the category
We would like to stress that the simple modules are characterized as follows.
is the unique simple highest weight module with highest weight λ[i].
Corollary 2.4. Let λ ∈ Λ and i ∈ Z. Then there exist λ ∈ Λ and
is the unique simple lowest weight module with lowest weight λ[l λ + i].
Proof. If N is a graded vector space, we write N ′ for the same vector space, but with the reversed grading (N ′ ) n = N −n for all n ∈ Z. Then A ′ admits a triangular decomposition with subalgebras T and (A ′ ) ± = A ∓ , and L(λ) ′ is a simple graded A ′ -module. By the above corollary, there exist λ ∈ Λ and l λ ∈ Z ≤0 such that L(λ) ′ is the unique simple highest weight A ′ -module with highest weight λ[l λ ]. With respect to the grading of A, λ is a lowest weight and hence the corollary follows.
An object in a highest weight category is tilting if it admits both standard and costandard filtrations. Once again, we can fix this issue by working inside the graded category.
We consider K( A G) and K( T G) as Z[t, t −1 ]-modules where t acts by the shift [1] . As T is concentrated in degree 0, we have that
−1 ] and we can define the graded character ch
The following is mainly a consequence of the fact that the simple modules L(λ) are distinguished by their highest weights.
From now on, we identify K( A G) with its image via ch • . The next corollary is a direct consequence of the definition of Grothendieck group. It states that we can read the composition factors of a graded A-module from its graded character, see Lemma 5.10.
Let A G proj be the category of finite-dimensional graded projective modules over A. The split Grothendieck group K( A G proj ) is the group generated by the isomorphism classes [X] of graded projective modules subject to the relations
Again, we may consider K( A G proj ) as a Z[t, t −1 ]-module with the action given by the shift [1] . Clearly, we have a group morphism K( A G proj ) −→ K( A G) and we can consider the graded character on projective modules. The next proposition allows us to identify K( A G proj ) with its image under ch
• .
Proof. Since projective modules admit standard filtrations in A G by Theorem 2.2, the graded characters of standard modules generate ch we can also construct a highest weight category from the category of modules over an algebra A with triangular decomposition without the assumption that neither A is finite-dimensional nor T is semi-simple. This is a generalization of the BGG category O of a semisimple Lie algebra.
Let A, B ± and T be algebras satisfying (td)-(td3). Let Λ be a set of nonisomorphic finite-dimensional simple T -modules. We consider now the full subcategory O T of T -modules whose objects are finite directs sums of modules in Λ. This is an abelian subcategory. For all λ ∈ Λ, we assume that:
We still consider Λ × Z partially ordered by the degrees and we say that a 
gr is a highest weight category whose set of weights is Λ × Z and the standard modules are
Similar to the finite-dimensional case, we can consider the graded character of N ∈ O gr given by
These are now Laurent formal series. 2.2.1. Remarks. In the infinite-dimensional case, there may exist simple quotients of the standard modules that do not admit a grading.
Preliminaries on Hopf algebras
We fix here the notation and conventions on Hopf algebras for the rest of the paper.
Let H be a Hopf algebra. We denote by ∆ H , ε H and by S H the comultiplication, counit and antipode of H, respectively. We omit the subscript when it is clear from the context. We always assume that the antipode is invertible. We use Sweedler notation for the comultiplication and coactions, e.g. ∆(h) = h (1) ⊗h (2) .
Given a vector space M , we set M * = Hom(M, k) and f, v denotes the
We recall that the Grothendieck group K( H M) is indeed a ring with unit ε and multiplication induced by the tensor product. Moreover, if H is a graded algebra, then
Given two simple H-modules λ and µ, we denote by λµ both the H-module λ⊗µ as well as its representative in K( H M) (the meaning will be clear from the context).
3.1. Nichols algebras. Our main references here are [4, 7] . Let Let B be a braided Hopf algebra in H H YD, e.g. T (V ) or B(V ). The bosonization B#H is the Hopf algebra with underlying vector space B⊗H, and multiplication and comultiplication given by (x#h)(x#h) =x(h (1) ·x)#h (2)h and
for all x,x ∈ B and h,h ∈ H; with ∆ B (x) = x (1) ⊗x (2) . If B(V ) is finite-dimensional, we denote by n top its maximum degree. We set
the homogeneous component of degree n top of B(V ). It is well-known that λ V is one-dimensional. Therefore λ V is a simple H-module and H-comodule. We can fix a generator x top ∈ λ V . Thus, there exists a group-like element g top ∈ H such that the coaction satisfies (x top ) (−1) ⊗(x top ) (0) = g top ⊗x top .
Quasitriangular Hopf algebras.
Here we refer to [35] . Let (H, R) be a quasitriangular Hopf algebra, i.e. H is a Hopf algebra and R = R (1) ⊗R (2) ∈ H⊗H satisfies that
where r denotes another copy of R. The element R is called the R-matrix of H. It turns out that R is invertible and
is an isomorphism of Hopf algebras [35, Proposition 2]. Let
* cop be its inverse map. We define the pairing
for all a ∈ R (l) and b ∈ R (r) . It satisfies that
for all a, a ′ ∈ R (l) and b, b ′ ∈ R (r) . Moreover, it holds that
for all a ∈ R (l) and b ∈ R (r) by [35, Theorem 2] .
The category of H-modules is braided with braiding c = τ • R and c
where τ is the usual twist map τ (a⊗b) = b⊗a. We can endow any H-module M with the coaction λ c (x) = R (2) ⊗R (1) x, for all x ∈ M . This gives a braided functor η c : ( H M, c) → H H YD. Instead, if we endow M with the coaction λ c −1 (x) = S(R (1) )⊗R (2) x, for all x ∈ M , we obtain a braided functor η c −1 : ( H M, c −1 ) → H H YD. Nichols algebras can be defined as above for every object in a braided category. Thus, given M ∈ H M, we can consider the Nichols algebras B(M, c) ∈ ( H M, c) and B(M, c −1 ) ∈ ( H M, c −1 ). Moreover, these coincide with the Nichols algebras of η c (M ) and η c −1 (M ), respectively. This holds because the ideal of relations of a Nichols algebra can be identified with the kernel of the quantum symmetrizer which depends only on the braiding, cf. [ 
It holds that K and K * op are Hopf subalgebras of D(K). The Drinfeld double D(K) is quasitriangular with R-matrix given by
where {a i } i and {f i } i are dual basis of K and K * , respectively. There exists an equivalence of braided categories
for all a ∈ K, f ∈ K * and m ∈ M .
A method to construct Hopf algebras with triangular decomposition
The Drinfeld double of bosonizations provides examples of Hopf algebras with triangular decomposition. However, we have to work a bit in order to identify the three subalgebras providing such a decomposition. We prefer instead to start at the end, i.e. we will consider three suitable algebras which lead to a Hopf algebra with triangular decomposition. These kind of constructions were performed for instance in [17, 23, 28] in much more generality than we do it here, see §4.2.
From now on, we fix a quasitriangular Hopf algebra (H, R) and a finite-dimensional H-module V . We consider V in H H YD via the braided functor ( H M, c) → H H YD, i.e. the H-coaction of x ∈ V is given by
We let V = V * be the Yetter-Drinfeld module over H with action and coaction given by hy, x = y, S(h)x , (4.2)
for all y ∈ V , x ∈ V and h ∈ H. This corresponds to considering first the dual object of V in H M and then applying the braided functor
for all x ∈ V and y ∈ V . Given x ∈ V and y ∈ V , we set
where y (−2) , x (−3) denotes the pairing (3.2). The motivation for this formula is Example §4.1.1 below. 4.1.1. The Drinfeld double of a bosonization. Let K be a finite-dimensional Hopf algebra and R the R-matrix of D(K) given by (3.6). Let V be a finitedimensional Yetter-Drinfeld module over K with dim B(V ) < ∞. We consider V as a D (K)-module via (3.7) . Proof. The isomorphism follows as in [33, Lemma 7] . We sketch the proof and leave the details for the reader. First, we have to check that (B(V )#K) * op ≃ B(V )#K * op similar to [33, Lemma 5] . Here, we consider V = V * as the YetterDrinfeld module over K * op with action and coaction defined by
for all f ∈ K * op , h ∈ H, x ∈ V and y ∈ V . This extends [33, Definition 4] given for K = kG. Now, we can consider B(V )#K * op as a Hopf subalgebra of D(B(V )#K). We can check that the Hopf algebra generated by K and K * op is isomorphic to D(K) and that the elements of V and V satisfy the relation (4.5). To conclude, we have to see that V and V are invariants under the adjoint action of D(K) and that they are left ideals, i.e. left comodules under the comultiplication. Moreover, they are the Yetter-Drinfeld modules over D(K) defined by (4.1), (4.2) and (4.3).
4.1.2.
The small quantum groups. Let g be a finite-dimensional semisimple Lie algebra over C and q a root of unity of odd order. The small quantum group u q (g) can be constructed following our recipe. Although this is not the most elegant way of doing it, we describe it here for the sake of completeness.
Let (c ij ) 1≤i,j≤θ be the Cartan matrix of g and (d i ) 1≤i≤θ a diagonal matrix such that (d i c ij ) 1≤i,j≤θ is symmetric. Let Γ be the finite abelian group generated by g 1 , . . . g θ with g
cf. [27, Example 2.1.6]. This is the image of the R-matrix of the Drinfeld double D(kΓ) under the epimorphism D(kΓ) ։ kΓ given by χ g = g for all g ∈ Γ.
Let V = k{x 1 , . . . , x θ } be the kΓ-module with action g · x i = χ i (g) for all 1 ≤ i ≤ θ and g ∈ Γ. If we apply to V and (kΓ, R) our construction, we obtain that
where R is the R-matrix of D(kΓ), recall (3.6).
More general constructions.
We have restricted ourselves to consider quasitriangular Hopf algebras and Nichols algebras because we are interested in the Drinfeld doubles of their bosonizations, and mainly those where H is not an abelian group. However, this recipe is a particular case of more general constructions as we explain below. 4.2.1. Let (H, R) be a quasitriangular Hopf algebra. The double-bosonization construction of Majid [28] can be performed for every dually paired braided Hopf algebras B ∈ H M and C ∈ M H instead of T (V ) and T (V ). Notice that B and C belong to different categories. We prefer in our exposition to consider T (V ) and T (V ) in the same category because this fact brings with it some advantages to study modules over the whole algebra U (H,R) (V ) and their quotients. We will implicitly use this fact in §5.
Also, we can then deduce that the action maps 4.2.3. There is an important class of Hopf algebras with triangular decomposition which we cannot construct from our recipe. Namely, those with a free abelian group playing the role of T . These kind of Hopf algebras were studied for instance by Andruskiewitsch-Radford-Schneider [6] and Heckenberger-Yamane [18] , as we have mentioned in the introduction. The reader can find a systematic way to construct this sort of Drinfeld doubles in [17, §4] . 
cf. [4, Proposition 2.1.1]. In the last equality we used (4.2). Notice that, V * is not necessarily isomorphic to V as an H-comodule. For instance, if H is the Drinfeld double of a non-abelian group G, then S −1 (R (2) ) ∈ kG and R (1) ∈ (kG) * , hence there is no isomorphism of comodules between these objects.
We now explain the relation between the Nichols algebras B(V ) Moreover, we also see in the proof of [5, Lemma 1.11 ] that the comultiplication of B(V ) satisfies
that is the opposite coalgebra in the braided category ( H M, c). Therefore, by (4.8) and (4.9), we have that
as H-modules for all n. (4.11)
In particular, if dim B(V ) < ∞ and n = n top , the above isomorphism implies that
in the Grothendieck ring K( H M), recall (3.1).
On the representation theory of u (H,R) (V )
Throughout this section, (H, R) will be a quasitriangular Hopf algebra and V a finite-dimensional H-module. We can classify the simple u (H,R) (V )-modules using the results of §2. Theorems 2.1 and 2.2 imply the following, see also §5.2 below.
Theorem 5.1. Assume that H and B(V ) are finite-dimensional and H is split. Let Λ be a complete set of non-isomorphic simple H-modules and L(λ) be the head
Moreover, if H semisimple, the category of graded u (H,R) (V )-module is a highest weight category.
We would like to stress that the graded character in the Hopf algebra setting is an algebra map. Explicitly, we can restate Proposition 2.6 as follows.
Proposition 5.2. The functor u (H,R) (V ) G −→ H G given by restriction of scalars is monoidal and hence ch
In the infinite-dimensional case we apply Theorem 2.9.
Theorem 5.3. Let Λ be a set of non-isomorphic finite-dimensional simple Hmodules and O H the full subcategory of H-modules whose objects are finite directs sums of modules in Λ. Assume for all λ ∈ Λ that (Λ1) End
gr be the category of finitely generated graded u (H,R) (V )-modules, locally nilpotent as B(V )-modules and whose homogeneous components belong to O H .
Then all the simple objects (up to isomorphism) in O gr are the heads
gr is a highest weight category.
5.1. Some problems on the simple modules. Once we have classified the simple modules, the question regarding their graded characters naturally arises.
For instance, this was done for the Drinfeld double of the Taft algebra in [13] ; for the Drinfeld double of the Nichols algebra of unidentified diagonal type ufo(7) in [3] ; for the Drinfeld double of the Fomin-Kirillov algebra over S 3 in [33] ; and for the small quantum group at a root of unity of large prime-order, a character formula can be deduced from [1] .
In examples we see that the Hilbert series of L(λ) has symmetric coefficients, In this situation Theorem 2.1 gives us information on the projective u (H,R) (V )-modules:
• Projective modules admit standard filtrations.
• Brauer Reciprocity holds. We can also extend to u (H,R) (V ) some of the results in [39] where we have considered H = D(G). Indeed, these results rely on the fact that the homogeneous component of maximum degree of a finite-dimensional Nichols algebra is one-dimensional, recall §3.1. We give the main ideas of the proofs. The reader can complete the details following [39] . We set
and keep the notation of §2. In particular, Λ is a complete set of non-isomorphic simple H-modules. As H is assumed to be semisimple, the proper standard modules in (2.1) and the standard modules in (2.2) coincide with the Verma modules considered in [39] , that is
Meanwhile the costandard modules ∇(λ) and the coVerma modules W(λ) of [39, (13) ] are related by Given an H-module S, we set Ind(S) := A⊗ H S.
Lemma 5.9 ([39, Lemma 4] ). For all λ, µ ∈ Λ, W(λ)⊗M(µ) ≃ Ind λµ .
Proof. The H-submodule 1⊗λ⊗1⊗µ of W(λ)⊗M(µ) induces a morphism of A-modules f : Ind λµ → W(λ)⊗M(µ). Using that λ V is one-dimensional, we can see that f is injective and then it is an isomorphism.
Let N ∈ A G and P ∈ A G proj . By Corollary 2.7 and Proposition 2. Proof. The first equality follows by induction on the length of a composition series of N. We use that the right hand side is dim Hom A G (P(λ) [i] , N) and the exactness of Hom A G (P(λ)[i], −).
For the second one, we note that a standard filtration of P induces a decomposition of P (as B − -module) into the direct sum of standard modules. Since the socle of M(λ) (as B − -module) is isomorphic to λ V λ by Lemma 5.7, the right hand side is dim Hom B − G (λ V λ[i − n top ], P). The following is a graded version of the well-known BGG Reciprocity. In the general framework of §2.1 this holds if B + and B − are related via an isomorphism similar to (4.11), see [9, Theorem 1.3] , and it is a consequence of Brauer Reciprocity.
Given a polynomial p(t, t −1 ) ∈ Z[t, t −1 ], we set p(t, t −1 ) = p(t −1 , t). Since A is Frobenius, for µ ∈ Λ there exist µ ∈ Λ and s µ ∈ Z such that L( µ)[s µ ] is the socle of P(µ) . Moreover, P(µ) is the injective hull of L( µ)[s µ ]. In particular, µ = µ, if A is symmetric, and s µ = 0, if A is graded symmetric. These properties hold if A = u (D(K),R) (V ) is a Drinfeld double as in §4.1.1.
element in u (D(K),R) (V ), g⊗η acts trivially on V if and only if it does on V . Hence the proposition follows. For the last part, we note that D(K) is the group algebra of an abelian group if so is K, and consequently all its weights are one-dimensional.
